Abstract. Let G be a locally compact abelian group, ω : G → (0, ∞) be a weight, and (Φ,Ψ) be a complementary pair of strictly increasing continuous Young functions. We show that for the weighted Orlicz algebra L Φ ω (G), the weak amenability is obtained under conditions similar to the one considered in [19] for weighted group algebras. Our methods can be applied to various families of weighted Orlicz algebras, including weighted L p -spaces.
Introduction
Orlicz spaces represent an important class of Banach function spaces considered in mathematical analysis. This class naturally arises as a generalization of L p -spaces and contains, for example, the well-known Zygmund space L log + L which is a Banach space related to Hardy-Littlewood maximal functions. Orlicz spaces can also contain certain Sobolev spaces as subspaces. Linear properties of Orlicz spaces have been studied thoroughly (see [15] for example). However, until recently, little attention has been paid to their possible algebraic properties, particularly, if they are considered over translation-invariant measurable spaces. One reason might be that, on its own, an Orlicz space is rarely an algebra with respect to a natural product! For instance, it is well-known that for a locally compact group G, L p (G) (1 < p < ∞) is an algebra under the convolution product exactly when G is compact [17] . Similar results have also been obtained for other classes of Orlicz algebras (see [1] , [6] , [17] for details).
The preceding results indicate that, in most cases, Orlicz spaces over locally compact groups are simply "too big" to become algebras under convolution. However, it turned out that it is possible for "weighted" Orlicz spaces to become algebras. In fact, weighted L p -algebras and their properties have been studied by many authors including J. Wermer on the real line and Yu. N. Kuznetsova on general locally compact groups (see, for example, [7] , [8] , [10] , [18] and the references therein). These spaces have various properties and numerous applications in harmonic analysis. For instance, by applying the Fourier transform, we know that Sobolev spaces W k,2 (T) are nothing but certain weighted l 2 ω (Z) spaces. Recently, in [12] , A. Osançlıol and S.Öztop considered weighted Orlicz algebras over locally compact groups and studied their properties, extending, in part, the results of [7] and [8] . In [13] and [14] , the first two-named authors initiated a more general approach by considering the twisted convolution coming from a 2-cocycle Ω with values in C * , the multiplicative group of complex numbers. Sufficient conditions on Ω were found ensuring that the twisted convolution coming from Ω turns the Orlicz space to a Banach algebra or a Banach * -algebra [13 In the present paper, we continue our investigation of the cohomology of weighted Orlicz algebras focusing on the concept of weak amenability. In [19] , Y. Zhang provided a necessary and sufficient condition on the weight ω ensuring that the weighted group algebra (L 1 ω (G), * ) on a locally compact abelian group G is weakly amenable (see also [2] and [5] for earlier results). We show that, for a large family of Young functions, the condition presented in [19] is necessary and sufficient for weak amenability of weighted Orlicz algebras. As an example, we apply our results to Z d , the group of d-dimensional integers, and characterize when l p ω (Z d ) (1 < p < ∞) is weakly amenable. We also present many more classes of (non-) weakly amenable weighted Orlicz algebras.
We finish the introductory part by pointing out that throughout this paper we concern ourselves with the theory of "bounded multiplications" for Banach algebras and Banach modules, as opposed to "contractive multiplications". Also weights for us are "weakly submultiplicative" as opposed to "submultiplicative".
Preliminaries
In this section, we give some definitions and state some technical results that will be crucial in the rest of the paper. In what follows, G always denotes a locally compact group with a fixed left Haar measure ds.
2.1. Orlicz Spaces. We first recall some facts concerning Young functions and Orlicz spaces. Our main reference is [15] . 
for complementary functions Φ and Ψ. By definition, Young function can have the value ∞ at some point, and hence be discontinuous at this point. However, we always consider the pair of complementary Young functions (Φ, Ψ) with both Φ and Ψ being continuous and strictly increasing. In particular, they attain positive values on (0, ∞). In this case, if we let Φ −1 and Ψ −1 to be the inverse functions of Φ and Ψ, respectively, then, by [3, Lemma 4.8.16] we have
Now suppose that G is a locally compact group with a fixed Haar measure ds and (Φ, Ψ) is a complementary pair of Young functions. We define
Since L Φ (G) is not always a linear space, we define the Orlicz space L Φ (G) to be
where f indicates a member in equivalence class of measurable functions with respect to the Haar measure ds. When G is discrete, we simply use the standard terminology and write l Φ (G) instead of L Φ (G). The Orlicz space is a Banach space under the (Orlicz) norm
where Ψ is the complementary function of Φ. One can also define the (Lux-
It is known that these two norms are equivalent, i.e., A Young function Φ satisfies the ∆ 2 -condition if there exists a constant
As in [15, Page 20], we say that two Young functions Φ 1 and Φ 2 are strongly equivalent and write
It is clear from the definition of the Orlicz space (2.5) that the strongly equivalent Young functions generate the same Orlicz space. We will frequently use the (generalized) Hölder's inequality for Orlicz spaces [15, Remark 3.3.1]. More precisely, for any complementary pair of Young functions (Φ, Ψ) and any f ∈ L Φ (G) and g ∈ L Ψ (G), we have
This, in particular, implies that f g ∈ L 1 (G).
In general, there is a straightforward method to construct various complementary pairs of strictly increasing continuous Young functions as described in [15 (1) For 1 < p, q < ∞ with
q . In this case, the space L Φ (G) becomes the Lebesgue space L p (G) and the norm · Φ is equivalent to the classical norm · p .
2.2. Weighted Orlicz algebras. In this section, we present and summarize what we need from the theory of twisted Orlicz algebras. These are taken from [13] .
A weight on G is a locally integrable measurable function ω : G → R + with ω(e) = 1 and 1/ω ∈ L ∞ (G) such that there is C > 0 satisfying
In this case, we define
For a weight ω on G, we define the weighted spaces
and
It is clear that with the norm
is a weighted Orlicz algebra if it is a Banach algebra under the convolution product. In this case, S Φ ω (G) becomes a closed subalgebra of L Φ ω (G) which we call the maximal essential subalgebra of L Φ ω (G). In [13] , sufficient conditions on ω were found under which the convolution turns a weighted Orlicz space into a Banach algebra (see [13, Lemma 3.2 and Theorem 3.3]). We summarize them below: Theorem 2.1. Let G be a locally compact group and ω a weight on G.
Let G be a compactly generated abelian group. Then, by the Structure Theorem,
where k, m ∈ N ∪ {0} and T is a compact (abelian) group. We can then consider the generating set
and define a length function | · | U : G → N ∪ {0} by
is a weight on G. This gives rise to a number of different weights on G. For example, for every 0 < α ≤ 1, β ≥ 0, γ > 0, and C > 0, we can define the polynomial weight ω β on G of order β by In [19, Thereom 3.1], Y. Zhang has found a necessary and sufficient condition, formulated below in (3.7), for weak amenability of weighted group algebras on abelian groups. His work extends the previous partial results in this direction (see [19] and the reference therein). Our goal is to further extend the result of Zhang to weighted Orlicz algebras. Interestingly, we will see that, in most cases, the criterion found in [19, Theorem 3.1] also works in our settings.
We start with the following theorem which shows that the sufficient condition formulated in [19] will imply weak amenability of the maximal essential subalgebras of weighted Orlicz algebras. Note that in what follows we always consider C as an additive group.
Theorem 3.1. Let G be a locally compact abelian group, ω be a weight on G, and (Φ, Ψ) be a complementary pair of Young functions such that (L Φ ω (G), * ) is a Banach algebra. Suppose that there exists no nonzero continuous group homomorphism
is weakly amenable. Proof. We first note that, by the main result of [19, Theorem 3.1] , the nonexistence of group homomorphisms ξ : G → C satisfying (3.1) will imply (in fact, it is equivalent to) the weak amenability of L 1 ω (G). Now consider the space S 
The rest of this section is devoted to showing that, in many instances, the condition in Theorem 3.1 is also necessary for weak amenability of weighted Orlicz algebras and their maximal essential subalgebras. After proving a technical lemma, the main results will be presented in Theorems 3.3 and 3.4. 
(ii) We have the following jointly continuous inclusions:
Proof. Since Φ and Ψ are strictly increasing, then so are their inverse functions. Hence, it is clear that inequalities (3.2) are equivalent tõ
SinceΨ(x) := Ψ( √ x), we have that
Combining (2.3) and (3.6), we obtain (3.5) and the following inequality:
According to [15, Theorem 3.3.9] , if Young functions
, and the embedding is jointly continuous. Because of (3.7), the above condition is satisfied for Φ 1 =Ψ, Φ 2 = Φ, and Φ 3 (x) = Ψ(x/2). So in order to prove (3.3), we just note that Φ 3 is strongly equivalent to Ψ in the sense of (2.11), and hence they produce the same Orlicz space.
Finally, using (2.3) and (3.6), we can also get
which implies the jointly continuous inclusion
by [15, Theorem 3.3.7] and the same kind of argument as above to get rid of the constant 2. Proof. Let ξ : G → C be a nonzero continuous group homomorphism such thatξ ∈ L ∞ (G), whereξ is defined in (3.1). Let U be a compact neighborhood of the identity of G. For every f ∈ C c (G), define
where, as usually,ǧ(x) = g(x −1 ) (x ∈ G). It is easy to see that D is a linear operator that ranges in L Φ ω (G) * . Moreover, a similar argument to the one presented in [19, Theorem 3.1] shows that D is a non-zero derivation on C c (G). Hence it suffices to show that D can be extended to a bounded linear operator on
Applying the inequality ω(s −1 ) ≤ Cω(s −1 t −1 )ω(t) (see (2.13) ) and the Fubini's theorem, we get
, and 1 Uω ∈ LΨ(G), it follows that 1 Uω * |ǧω| ∈ L Ψ (G) and f ωξ ∈ L Φ (G), so that
Now suppose that (ii) holds. By (3.4) of Lemma 3.2 we have that
Thus, in either case, D has a continuous extension to a linear operator from 
Proof. Let ξ : G → C be any nonzero continuous group homomorphism (its existence follows, for example, from the structural description of G) and let ξ be the function defined in (3.1). By Theorem 3.3, it suffices to prove that ξ ∈ LΨ(G). Our assumption that 1/ω ∈ L Ψ (G) means that there exists α > 0 such that
We first prove that
Since ξ is a group homomorphism, for every n ∈ N and s ∈ U n \ U n−1 , we have
where C = sup{ξ(s) : s ∈ U } and a n = Ψ α e ν(n) .
On the other hand, ν and Ψ are both increasing so that {a n } n∈N is a decreasing sequence of positive numbers. Therefore, if the Haar measure of G is denoted by λ and we assume that λ(U ) = 1, then 
Hence, by definition (2.5),
. This, together with (3.10), implies that
We can summarize the preceding results and also provide an equivalent and easy-to-check criterion on Young functions so that Theorems 3.3 and 3.4 may be applied.
Corollary 3.5. Let G be a non-compact, compactly generated abelian group, ω be a weight on G, and (Φ, Ψ) be a complementary pair of Young functions such that Ψ ′ exists on R + and
weakly amenable if and only if there exists no nonzero continuous group homomorphism
, and ω is of the form
is increasing because we assumed that Ψ ′ (x)/x is increasing. Therefore,Ψ is convex and hence it is a Young function. We then immediately obtain (ii) from Theorem 3.4 and one direction of (i) -from Theorem 3.3(i). The other direction of (i) follows from Theorem 3.1. We finish this section by highlighting, in the following corollary and the example afterward, that when weighted Orlicz spaces are just weighted L p spaces, we have fairly general results on their weak amenability.
Corollary 3.7. Let G be a non-compact compactly generated abelian group, ω be a weight on G, and 1 < p, q < ∞ be such that 1/p + 1/q = 1. Suppose that (L (ii) For p > 2, if ω is of the form (2.19) and 1/ω ∈ L q (G), then L p ω (G) is not weakly amenable.
Proof. As was mentioned in the Preliminaries, L p ω (G) = L Φ ω (G) for Φ(x) = x p /p and the corresponding complementary Young function is Ψ(x) = x q /q. Since Φ ∈ ∆ 2 , we have that L p ω (G) = L Φ ω (G) = S Φ ω (G). For 1 < p ≤ 2 we have q ≥ 2 implying that Ψ ′ (x)/x = x q−2 is increasing, and so (i) follows directly from Corollary 3.5(i).
Likewise, to obtain (ii), we apply Corollary 3.5(ii) to Φ(x) = x q /q and Ψ(x) = x p /p. 
